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coupling:

Sa = C(1 4 p)2(1 + p*(T? — €%))/d

=JC(1 + p)* (1 + p™)e/d
leakage:
Su = 26CT(1 + p)?/d
= 72pCT(1 4 p)2ei?/d

where

d=1— 20T+ C?) + ph(T2 — C?)2
1 — 20%(1 — 207) e - pleite,

It is seen from these equations that if p = 0 the param-
eters of an ideal coupler are returned with Sy = Sy = 0,
St = T, and 83 = C. Furthermore, interchanging T and
C is seen to interchange Sy and Si. The model also shows
that for loose coupling and small imperfections, i.e., C?
1 and p?2 < 1, if the coupling region is a quarter-wave-
length long giving o &~ 7/2 and T? &~ —1, then the input
reflection S =~ 0, as mentioned previously for inter-
ference-type couplers.

This demonstrates that the simple flowgraph model of a
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practical directional coupler of Fig. 1(b) may be used to
derive the mathematical relationships describing the
circuit, and the flowgraph may be used as a general-
purpose building block to insert directional couplers into
larger microwave networks to be analyzed by computer-
ized flowgraph reduction programs (see footnote 2).
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On the Existence Range of the S Parameters of a Passive
Two-Port Network

EDOARDO CARLI, meMBER, 18EE, AND TULLIO CORZANI,
MEMBER, IEEE

Abstract—The existence range of the S parameters of a passive
two-port is analyzed and various limitations on their moduli are
deduced. In particular, it is shown that when three moduli are
given, the last, in general, may be upper and lower bounded by
passivity conditions.

I. INTRODUCTION

In the last three years some considerations on the bounds of the
VSWR of a passive two-port network have appeared in the literature
[11-[3]. The authors dealt with the same subject some years ago,
investigating the existence range of the S parameters of a passive
two-port network. In particular, various limitations on the S param-
eters were derived. The results were used to obtain some relations
between the passivity and absolute stability conditions and to
determine the bounds of the input VSWR of a loaded passive two-
port [4]. Furthermore, the limits of the nonreciprocity of a passive
two-port and the best loss condition for an isolator were analyzed [57.

In this short paper some general limitations for the S parameters
of & passive two-port network are deduced in both the nonreciproeal
and the reciprocal case.
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In particular, it is shown that when all but one of the parameters
are known the modulus of the last parameter can be, in general,
upper and lower bounded by passivity conditions.

I1. PASSIVITY CONDITIONS

For the sake of simplicity, only the case of lossy two-port networks
will be considered; in that case the power entering the network is
always positive and the Hermitian form giving this power as a
function of the incident waves is definite positive.

The discussion of the general case of a nonnegative definite Hermi-
tian form, including lossless networks and conditionally lossy net-
works (i.e., networks whose entering power can vanish for some
particular excitations), does not modify the conclusions, whereas it
requires many involved specifications. This case is discussed in
detail in [4].

For a lossy nonreciprocal network it must be

1—[Sult—|8a2>0 (1)
A—=]8ul A =[82H + 1 -8 —|8a?) —1

— 2181 ]] 8]l Suel|Sulcosa >0 (2)
where

o = arg Su + arg S — arg Siz — arg Sa. 3)

As is well known, conditions (1) and (2) mean, respectively, that
the first element and the determinant of the dissipation matrix
(E — S*8) are positive. When these conditions hold, also the norms
of the second column and of the two rows of the S-matrix are smaller
than one.

From conditions (1) and (2) various limitations imposed by
passivity on the S-matrix elements can be deduced, as, for example,
the limits on an unmeasured reflection or transmission coefficient
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plane, For a given value of & = arg Si:_+ arg

fS22]

The variation range of | S12 | and | Sz | in the | Si1 [, | Sa2 |

S22 — arg Si12 — arg Ss,

the region allowed by passivity conditions is that bounded by the
curve C, and the axes. The curve Cr & = ) delimits the region of
minimum realizability conditions on the moduli of the S parameters
and Co (@ = 0) the region of passivity conditions for any value of

the arguments.

[47, [6], or the range of variation of the input reflection coefficient
of a loaded passive two-port [4].

Another case was discussed in [5], where the authors studied the
hypothetical case of a nonreciprocal two-port measured, as if it was
reciprocal, by a classical input reflection coefficient measurement
method as, for instance, the three-point method or Deschamps

The allowable regions for the moduli of the S parameters are
illustrated in Fig. 1. In particular, when three moduli and « are
known, the last modulus is always upper bounded and in some
cases it can be also lower bounded. For example, suppose that | S1 |,
[ 8a1 ], | S22 |, and « are given; then | Sy | has always an upper limit,
given by the following expression:

—| 8o | Suz| | Bulcosa + [(1 = |8ul =181 = [Sul*—[Sul) — 82 Swl*|Sx|* (1 — cos?«) I @

lSu|<

1— 18,
Moreover, when itis | Spa| > [(1 — | S2|®) (1 — | Su ) ]*? and /2 < & < 7, | Su | is also lower bounded by
| Su | > ~1 8| S| | Sulcosa —[A =] 8aal?—=18u|)@ —|8niz—|8ul?) — Sl Swi]Sul(l — cos® )] )
n = .
1—[8n?

method. In this case, from | Si |, | Sa2 |, | S1282 |, and « experimen-
tally obtained, the range of variation of the ratio | Si2/8Sx |, allowed
by the passivity conditions, can be deduced.

It is possible to give a mapping of dissipation conditions (1) and
(2), either in a transmission coefficient plane or in a driving-point
reflection coefficient plane, thus finding a region where the S param-
eters of a passive network can lie.

Fig. 1 shows the allowed region in the | Su |, | Sa2 | plane; for
given values of | Si2 |, | Su |, and e, | S | and | 8.2 | are constrained
to lie into the region bounded by the axes and the curve C., which
is a branch of the curve obtained by equating to zero the left side
of condition (2). The figure is drawn for | Sa | > | Si2 |.

Because of the symmetry properties of condition (2), the diagram
of Fig. 1 is still valid exchanging | Su | with | Sz | and/or reflection
with transmission coefficients.

From Fig. 1 it can be deduced that the constraints deriving from
condition (2) are more restrictive than those obtained by making
the norms of the rows and the columns of the S-matrix smaller than
one.

In particular, when cosa = 0, | Su| (or | Ss:|) must be smaller
than [(1 — 18 ?) (1 — | Su ?) I/, while, when cosa <0, | Su}
(or | Ss2|) must be smaller than the value of the coordinate of the
vertical (or horizontal) line tangent to C,.

III. REALIZABILITY CONDITIONS ON THE MODULI OF
THE S PARAMETERS

A. General Case

Generally, one is mainly interested in the bounds on the moduli
of the S parameters regardless of the value of the arguments.

When it is 0 S @ S 7r/2, or I Szz | S [(1 hend ] S12 |2) (1 — l Sn |2):]IZ
and /2 < a < =, the lower bound is zero.

All the above formulas, as has already been noted in dealing with
Fig. 1, are still valid exchanging | Su| with | Sz | or transmission
with reflection parameters.

B. Minimum Realizability Conditions
Condition (2) may be written as

A= 18uH@ =18 + A ~[8:H0 —[8a) —1
21 8ul| Sl S!Sl

cos a <
=L (6)

From relation (6) it is seen that the minimum realizability condi-
tion on the moduli of the S parameters is L > —1. When four
positive real numbers satisfy this latter condition they can surely be
considered as the moduli of the S-matrix elements of a passive
two-port.

Observe that, if the moduli, and so L, are given, the values of
the arguments must satisfy condition (6). Clearly, only when L > 1
there is not any limitation on the values of the arguments. This
oceurs when in Fig. 1 the representative point lies in the region
bounded by the axes and the curve Cq, corresponding to @ = 0 or
L = 1. Otherwise, when this point lies in the region bounded by
Coand Cp(a = mor L = —1),itis —1 < L <1 and the values of
the arguments cannot be arbitrary but must satisfy the condition
cosa < L.

In the case of the minimum realizability conditions, | Su | and
" 8» | must lie in the region bounded by the axes and the curve Cr. It
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can be noted that | Si;| (or | S2|) has the same upper bound as
that deriving from condition (1), but this limit corresponds only
to the value of | Sx2 | (or | Su|) given by

[ 8ez| = (] S1a/Sur [) (1 — | S [%)12
If three moduli are given, e.g., | Sz |, | S12{, and | Sz |, the bounds
"imposed by passivity on the last, | Su |, are the following:

[Set] 82l 8n] =LA =8P =18l @ =18nl* =8z

1 —|8el?
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6

2 < | Sul

<ES22||312!|'5'21|+[(1‘1522|2"|512|2)(1“‘132212—|521|2):|”2

The lower bound in condition (7) is greater than zero only when
| Saa| > L ~ | Sz |2) (@ — | Su |2) 2 (8)

as also clearly results from Fig. 1.

C. Passwity Conditions for Any Value of the Arguments

When the values of the moduli are such that condition £ > 1 is
satisfied the arguments of the § parameters can assume every value.
In Fig. 1 the allowed region for | Si | and | Sz | is now that bounded
by the axes and the curve C,.

In particular, when | Ss|, | Si2 ], and | 8u | are given, in order
that the passivity conditions for any value of the arguments hold,
the last modulus, | 8y |, must satisfy the condition

—[ S {8 8u] + LA —18e)—]8uih( _‘,gnlz_‘smp)]m'

1 —18,)? ™

Multiconductor Transmission Lines and the Green’s
Matrix

L. GRUNER, MEMBER, IEEE

Abstract==It is shown that the study of arbitrarily terminated
multiconductor transmission lines which may in general be lossy
and subjected to excitation applied at an arbitrary point along the
lines, may be effectively performed with the aid of the appropriate
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IV. RECIPROCAL NETWORKS

When the two-port network is reciprocal (82 = Sy), the mini-
mum realizability condition (7) becomes

| S |2 | 81 2
— =1 < |8 <l - —. 10
T 18wl <Pl <1 = 1o
The lower bound in condition (9) is positive only if
[ 8| >1 —|8n2 (11)

Furthermore, the passivity conditions for any value of the argu-
ments (9) reduces to

| Sz |2

< 1 - .
0<[8u]< 1= 8nl

(12)
The same relations hold for | Sz |, exchanging | Su | with | Sa |.
As regards the limits imposed on the modulus of the transmission

coefficient S5, when | Si; | and | Sz | are given they are easily found

from condition (2).

In the case of the minimum passivity conditions, one obtains [6]

[8u| <[A+[Sul)@ —|8z|)]" (13)
when | 81| < | 82|, and
[Be| <L —=[8a)@ 4| 8ni)]” (14)

when | Su | > | See|.

If the passivity conditions for any value of the arguments are to
be verified, it must be

18| <[ —18uD)d —|8x|) I~

The latter conditions are also directly deducible from Fig. 1,
exchanging transmission with reflection coefficients and observing
that, in the reciprocal case, the allowed values of | S;2! = | Su |
are lying on the bisecting line.

(15)
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Green’s matrix. The procedure is illustrated using the Chipman
method of impedance measurement as well as coupled micro-
strip lines.

I. INTRODUCTION

There is a considerable body of literature dealing with multi-
conductor transmission lines [17]-[4] which are encountered in
such diverse contexts as microstrip directional couplers, overmoded
waveguides, shielded pair instrumentation cables, ete., to mention
but a few applications.

While known procedures are useful in dealing with various special-
ized cases, it will be shown that the use of the Green’s matrix tech-
nique makes it possible to deal with a very wide range of situations,
including excitation by voltage and current sources applied at points
not necessarily coinciding with the end terminals.

In what follows we shall consider a multiconductor transmission
line comprising n distinct conductors (which may be lossy) in addi-
tion to the ground path. We find that [27] in the sinusoidal steady

HE MR

where V, I, V', I, Es, and Is are n-dimensional column vectors
while Z and Y are n X n square matrices. Furthermore, V, I, Z,
Y, Es, Is, and z have the usual meaning of voltage, current, imped-
ance per unit length, admittance per unit length, applied voltage
per unit length, applied current per unit length and distance, respec-
tively, while a prime denotes differentiation with respect to z.

oy

II. THE MULTICONDUCTOR LINE GREEN’S MATRIX
With reference to Cole [5], a system of 2n differential equations
w = Au + f(x) (2)

subject to two point boundary conditions Weu(a) + Whu(b) =0
has a solution of the form

Manuscript received November 26, 1973; revised February 25, 1974.
The author is with Monash University, Clayton, Vic., Australia.



